Abstract. We investigate the relationship between the symmetric, exterior and classical cohomologies of groups. The first two theories were introduced respectively by Staic and Zarelua. We show in particular, that there is a map from exterior cohomology to symmetric cohomology which is a split monomorphism in general and an isomorphism in many cases, but not always. We introduce two spectral sequences which help to explain the realtionship between these cohomology groups. As a sample application we obtain that symmetric and classical cohomologies are isomorphic for torsion free groups.
with similar properties. The exterior cohomology has the following striking property: If G is a finite group of order d, then H i λ (G, M) = 0 for all i ≥ d. The aim of this work is to obtain more information about homomorphisms α * and β * . We construct a natural transformation γ n : H n λ (G, M) → HS n (G, M) such that the following diagram commutes:
Our results in Section 3 show that the homomorphism γ n : H n λ (G, M) → HS n (G, M) is a split monomorphism in general, and an isomorphism in certain cases, namely if 0 ≤ n ≤ 4, or M has no elements of order two. In general, γ 5 is not an isomorphism.
Our next results are related to the homomorphism β n : H n λ (G, M) → H n (G, A). We construct a spectral sequence for which β n are edge homomorphisms, n ≥ 0. As any first quadrant spectral sequence, it gives a 5-term exact sequence (see for example [8, Exercise 5.1.3] ) which has the following form:
The research was supported by the EPSRC grant EP/N014189/1 Joining the dots: from data to insight.
Here the product is taken over all subgroups of order two. The exactness at H 2 (G, M) is an answer to Problem 25 by Singh in [2] . At the very end of Section 4 in [6] , Staic wondered about the injetivity of the map α 3 under the assumption that G has no elements of order 2. A trivial consequence of our spectral sequence says that, if G has no elements of order two, then one has an exact sequence:
In particular, if G has no elements of order two and three, then
Among other consequences of our spectral sequence, we mention the following: if G is a torsion free group, then
The paper is organised as follows: In Section 2 we recall the definitions of the symmetric and exterior cohomologies. In the next section we construct the transformation γ * and prove our first result, which shows that γ n is quite often an isomorphism, but not always. In the final section we construct a spectral sequence and we prove our main result Theorem 4.2.
2. Preliminaries 2.1. Classical cohomology. Let G be a group and M be a G-module. One way to define the cohomology
The group of i-cochains of G with coefficients in M is the set of functions from
Given a chain complex such as this one, one can define its normalised subcomplex. In each dimension n, define NC n (G, M) to be the group of n-cochains which satisfy the normalisation condition
The canonical inclusion ι :
Another way to define
where
and the mapping ǫ sends each generator (g) to 1 ∈ Z. An element of
is then a function f :
The maps
. Moreover, one has a commutative diagram
where the horizontal maps are isomorphisms and the vertical maps are inclusions and homotopy equivalences. Here
2.2. Symmetric cohomology. We now discuss a subcomplex of C * (G, M) introduced by Staic in [6] and [7] . It is based on an action of Σ n+1 on C n (G, M) (for every n) compatible with the differential. In order to define this action, it is enough to define how the transpositions [6] , [7] . 
Exterior powers.
In order to define the chain complex introduced by Zarelua [10] we need to recall some facts about exterior powers.
Definition 2.3. The exterior algebra Λ * (A) of an abelian group A is a quotient algebra of the tensor algebra T * (A) with respect to the two-sided ideal generated by the elements of the form a
A weaker version of this, denoted byΛ * (A), can be defined as the quotient algebra of the tensor algebra T * (A) with respect to the two-sided ideal generated by the elements of the form a
it is clear that one has the canonical quotient maps
Denote by ∆ n (A) the kernel of the projectionΛ n (A) ։ Λ n (A). Thus we have a short exact sequence
The images of a 1 ⊗ · · · ⊗ a n ∈ ⊗ n A inΛ n (A) and Λ n (A) are denoted by a 1∧ · · ·∧a n and a 1 ∧ · · · ∧ a n respectively. Recall that if A = Z[S ] is a free abelian group with a set S as basis, then ⊗ n A is a free abelian group with basis elements
It is also well-known that Λ n (A) is a free abelian group with basis elements s 1 ∧ · · · ∧ s n , where s 1 < · · · < s n . Here < is a total order on S .
, things are a bit more complicated because of the relation 2a∧a = 0, which is a consequence of the relation a∧b
Thus expressions of the form s 1∧ · · ·∧s n , where s 1 ≤ · · · ≤ s n , are canonical generators ofΛ n (Z[S ]). Among these elements, ones with strict inequalities s 1 < · · · < s n form a basis of the summand corresponding to the free abelian group part, while the rest form a basis of the
2.4. Exterior cohomology of groups. We now discuss a subcomplex of
According to Lemma 3.1 in [10] , there is a differential
in the exterior algebra generated by Z[G] given by
where, as usual, the hatˆdenotes a missing value. The group G acts on this chain complex by: 
Definition 2.4. The homology groups of the cochain complex (denoted by K
for all 0 ≤ i < n.
Remark 2.6. Let G be a finite group of order d. Since Z[G] is a free abelian group of rank d, we have
On the other hand, as we will see later, the groups HS n (C 2 , M) are nontrivial for infinitely many n.
Comparison of symmetric and exterior cohomologies
3.1. Construction of the map γ. We need two more complexes: C * λ (G, M) and KS * (G, M). They are defined as follows.
So we have the following subcomplexes:
This subcomplex has already been considered by [9] , who showed that if M has no elements of order 2, then C n λ (G, M) = CS n (G, M) for all n. We will later prove the same fact in a different way.
We have the following subcomplexes:
In order to understand the relationship between all these complexes it is useful to rewrite them in terms of resolutions, which we constructed in Lemma 3.3 below.
⊗i , the standard projective resolution can be rewritten as
If one replaces the tensor algebra by either version of the exterior algebra, one still obtains a resolution, though in general no longer a projective one. This is the subject of the following lemma.
Lemma 3.3. One has a commutative diagram of resolutions of Z:
One denotes these resolutions by (
Proof. In this proof, take
We only present the proof for Λ * , as the proof forΛ * is similar. We construct a homomorphism h :
To show that this is a contracting homotopy, we need to check that h
. Indeed, we have
]). Moreover, it is compatible with the decompostion (2.3.2). Hence
and
Proof. By Lemma 3.3 the canonical projectionΛ
) is a chain map, inducing an isomorphism in homology, hence ∆ * +1 (Z[G]) is a chain subcomplex with trivial homology. To finish the proof, it suffices to note that the map g 1 ∧ · · · ∧ g n → g 1∧ · · ·∧g n , g 1 , · · · , g n ∈ G, commutes with differentials and hence defines a splitting of chain complexes.
Lemma 3.5. After applying the functor Hom Z[G] (−, M) to the resolutions in Lemma 3.3 one obtains the following diagram
where all horizontal arrows are inclusions and vertical arrows are isomorphisms.
Proof. A key point is to show that restricting ψ on KS
The equation
In a similar way, the other equations above give the condition 3.1.1 for n > 0.
If one passes to cohomology, one obtains the homomorphisms
and the commutativity of the diagram in Lemma 3.5 shows that β = αγ.
is a split monomorphism. Moreover, it is an isomorphism provided M has no elements of order two.
Proof. The first part follows from Lemma 3.4. Assume M has no elements of order two. It suffices to show that
and the proof is finished.
δ-cohomology.
In order to state the realtionship between the exterior and symmetric cohomology we need to introduce new groups.
Definition 3.7. For a group G and a G-module M one defines the δ-homology H
) is an F 2 -vector space, it follows that the groups H n δ (G, M) are also F 2 -vector spaces, n ≥ 0. The importance of these groups comes from the fact that
which is a trivial consequence of Lemma 3.4. It follows from Proposition 3.6 that if M has no elements of order two, then H * δ (G, M) = 0.
3.3. Preliminaries on spectral sequences. To state our main result of this section, let us recall the construction of the hypercohomology spectral sequences. These spectral sequences will also play a prominent role in the next section.
Let G be a group and M be a left G-module. For any chain complex of left G-modules N) to be the homology of the total complex of the bicomplex Hom Z[G] (C * , I * ), where I * is an injective resolution of M.
There exist two spectral sequences. Both of them abut to the group Ext *
We also need the following easy lemma on spectral sequences 
3.4.
Vanishing of δ-cohomology in low dimensions. Now we can state the main result of this section: Theorem 3.9. Let G be a group and M be a G-module. Then
Proof. In the hypercohomology spectral sequence we take
, we see that
Thus by the same Lemma it suffices to show that E 1,q
One checks that the following diagram of G-modules commutes:
Since the set of elements {s∧s|s ∈ G}, (resp. {s∧s∧t|s, t ∈ G}) forms an F 2 -basis of ] )), the G-homomorphism ψ 1 (resp. ψ 2 ) is an isomorphism. In general, the G-homomorphism ψ 3 is not an isomorphism, but only a split monomorphism. Hence the projective resolutions
Hence E 1,q
as a G-module, the second projective resolution gives
Moreover, it also shows that the group Maps(G, N) is a direct summand of Ext
. It follows that there is an isomorphism of chain complexes
follows that E 1,1 2 = 0. And as Ker(δ ′ ) = Im(δ 1 ), we obtain that E 2,1 2 = 0 and the proof is finished. Now we give an example which shows that γ n , n ≥ 5 is not an isomorphism in general.
3.5. The symmetric and exterior cohomologies of C 2 . Let G = C 2 = {1, t}, t 2 = 1 be the cyclic group of order two. In this section we compute both symmetric and exterior cohomologies of C 2 . The computation of the exterior cohomology is extremely easy. In fact, for G = C 2 , the resolution (Λ * (Z[G]), ∂) has the following form:
For the symmetric cohomology one has the following result: 
Proof. Consider the resolution
Fix n > 0 and inΛ n Z[C 2 ] consider the elements 
n m generating each of the summands. Similarly to n = 2, for larger n = 2m ≥ 4 we havẽ
where the α Beginning from ∂ 1 , the coboundary maps are given by the matrices 
1, i f i is odd and j = i or j
= i + 1 0, else, where 1 ≤ i ≤ 2k + 2, 1 ≤ j ≤ 2k + 2, (∂ 4k+2 ) i j =        1, i f j is even and i = j or i = j − 1 0, else, where 1 ≤ i ≤ 2k + 2, 1 ≤ j ≤ 2k + 3, (∂ 4k+3 ) i j =              1, i f i
Relationship between exterior and classical cohomology
We start this section with the following easy and probably well-known fact. It will be used in the proof of Theorem 4.2 below. Proof. If one forgets the sign, it follows from the assumption that the multiplication by g permutes the n elements x 1 , · · · , x n , meaning the cyclic group generated by g acts on the set {x 1 , · · · , x n }. The action is free, because it is given by the multiplication in G. Hence all orbits will have the same length equal to the order of g, dividing n. Now we can state our main result. 
